Abstract-This paper discusses the fixed-order robust filtering problem for a class of Markovian jump linear systems with uncertain switching probabilities. The uncertainties under consideration are assumed to be norm-bounded in the system matrices and to be elementwise bounded in the mode transition rate matrix, respectively. First, a criterion based on linear matrix inequalities is provided for testing the filtering level of a filter over all the admissible uncertainties. Then, a sufficient condition for the existence of the fixed-order robust filters is established in terms of the solvability of a set of linear matrix inequalities with equality constraints. To determine the filter, a globally convergent algorithm involving convex optimization is suggested. Finally, a numerical example is used to illustrate that the developed theory is more effective than the existing results.
filtering is a technique for estimating unavailable signals in systems. The aim is to design a filter such that 1) the filtering error system is robustly stable and 2) the -norm of the operator from noise signal to filtering error signal is less than a prescribed level. The system may consist of parameter uncertainties. The noise signal can be arbitrary but needs to be energy bounded. Compared with the classical Kalman filtering technique [1] , which is based upon the noisy statistical characteristics, the robust filtering technique is insensitive to the noise statistics, and hence is very appropriate to applications where the statistics of the noise signal cannot be known exactly [2] . This feature has motivated the study of robust filtering problem for variant systems and a number of results on this topic have been reported in the literature (see [2] [3] [4] [5] and the references therein).
Markovian jump linear systems (MJLSs) have attracted a great deal of attention since this class of systems is appropriate to describe dynamic systems with structures varying abruptly in a random way [6] . MJLSs can be regarded as a special class of hybrid systems with finite operation modes. An MJLS behaves as a deterministic linear system in each mode and switches from one mode to another at time points governed by a Markov process. A great number of control issues concerning MJLSs Manuscript received January 25, 2005 ; revised April 16, 2005 . This work is partially supported by RGC HKU 7103/01P. The associate editor coordinating the review of this manuscript and approving it for publication was Dr. Zidong Wang.
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Digital Object Identifier 10.1109/TSP. 2006.871880 have been investigated (see [6] [7] [8] [9] [10] [11] [12] [13] [14] and the references therein). For filtering problem in continuous-time case, many results are also available. For example, the Kalman filtering problem was considered in [15] and [16] where the system matrices may have norm-bounded uncertainties, and the results are given in terms of coupled Riccati equations. A Kalman filter of reduced order was also suggested based upon algebraic Riccati equation approach in [17] where the system model is described in terms of Itô differential equations and the measured output is assumed to be noise free. On the other hand, the filtering problem for MJLSs was tackled in [18] and was extended to the case involving parameter uncertainties in [19] by the same authors. Recently, [20] considered the robust filtering problem for MJLSs with time delays. The results of [18] [19] [20] are given in terms of coupled linear matrix inequalities (LMIs). It is noticed that the robust filters designed in [18] [19] [20] have either an observer structure [18] or a special full-order structure [19] , [20] and the uncertainties concerned only exist in the system matrices [15] , [16] , [19] , [20] . More recently, the reduced-order filtering problem, where uncertainties do not appear, was studied in [21] and [22] in terms of coupled LMIs with matrix rank constraints. The filtering problem for nonlinear time-delayed Markovian jump systems was studied in [23] as well.
It is worth pointing out that the developed filtering techniques in [15] [16] [17] [18] [19] [20] [21] [22] [23] for MJLSs require that the mode transition rates are known exactly. However, these values often need to be measured in practice, and hence measurement errors are inevitable. As pointed out in [24] , the measurement errors (also referred to as switching probability uncertainties) may lead to instability or at least degrade the performance of MJLSs. Therefore, it is important and necessary to consider the robust filtering problem for MJLSs with uncertain switching probabilities. A model about the uncertain switching probabilities has been proposed in an elementwise way [9] , [12] such that bounded uncertainties could appear in all the elements of the mode transition rate matrix. This elementwise model has been further studied in [24] for the robust stabilization problem for MJLSs by considering the probability constraints on rows of the mode transition rate matrix. In the present paper, we study the robust filtering problem for MJLSs with elementwise switching probability uncertainties and adopt an improved bounding technique for the matrix inequalities which gives less conservative results than those in [9] and [12] .
In this paper, we study the fixed-order robust filtering problem for uncertain continuous-time Markovian jump linear systems. The uncertainties are assumed to be norm bounded in the system matrices and to be elementwise bounded in the mode transition rate matrix. We aim at designing a general dynamic 1053-587X/$20.00 © 2006 IEEE filter of fixed order such that, over all the admissible uncertainties, the obtained filtering error system is quadratically mean square stable and the -norm of the operator from the exogenous noise signal to the filtering error signal is less than a prescribed level. The solution to the addressed problem is related to a set of coupled LMIs with a set of equality constraints. An effective algorithm involving convex optimization is used to construct the filter. Finally, a comparison with existing results is offered to illustrate the usefulness of the developed approach.
Notation: The notations in this paper are standard. and denote, respectively, the -dimensional Euclidean space and the set of all real matrices. refers to the set of strictly positive real numbers.
is the set of all real symmetric positive definite matrices, and the notation (respectively, ), where and are real symmetric matrices, means that is positive semidefinite (respectively, positive definite).
denotes the identity matrix, and refers to the identity matrix with compatible dimensions. All matrices are assumed to be compatible for algebraic operations when their dimensions are not explicitly stated. For a matrix with , the full row rank matrix denotes the orthogonal complement of such that . The superscript " " stands for the transpose for vectors or matrices, and is the trace of a square matrix. Moreover, let be a complete probability space.
stands for the mathematical expectation operator.
is the space of square-integrable -dimensional vector functions over . if is a real vector, if and if is a stochastic process. In large matrix expressions, we have , and .
II. PROBLEM FORMULATION
Consider the following class of Markovian jump linear systems with uncertain switching probabilities defined on a complete probability space ( ):
( 1) where , , is the system state, is the exogenous nonzero noise which belongs to , is the signal to be estimated, and is the measured output used to estimate the signal . where matrices , , , and can be thought of as the measured value of matrix in practice. The uncertainties defined in (2) are called admissible uncertainties for uncertain system (1), and uncertain system (1) is assumed to be robustly mean square stable over all the admissible uncertainties in (2) .
We now consider a general fixed-order filter (3) where is the filter state with , the filter output is an estimation of the signal . Matrices , , and are to be determined for each mode , and the filtering error is defined as . Connecting filter (3) to uncertain system (1) yields the filtering error system (4) where is the state of the error system. For all , we have
For error system (4), we have the following definitions and proposition.
Definition 1 [10] : The nominal Markovian jump filtering error system of (4) with is said to be mean square stable if for any initial conditions and . Definition 2 [25] : Consider the nominal Markovian jump filtering error system of (4). Let denote the operator from the exogenous energy-bounded noise to the stochastic filtering error ; the -norm of the operator is defined as such that for all nonzero processes for zero initial condition and any initial mode . Proposition 1 [11] : Given a prescribed scalar , the nominal Markovian jump filtering error system of (4) (6) hold over all the admissible uncertainties in (2) . The objective of the paper is to design a quadratic filter of form (3) of order with a prescribed level for uncertain MJLS (1) over the admissible uncertainties in (2).
III. FIXED-ORDER ROBUST FILTER
In this section, we first present a result for analyzing the robust filtering level when filter (3) is given, then establish a sufficient condition for constructing the desired robust filter (3). Finally, an effective algorithm is suggested to solve the proposed problem.
The following result gives us a criterion for testing the robust filtering level of filter (3) for uncertain MJLS (1) over all the admissible uncertainties in (2) in terms of coupled LMIs. Applying Schur complement equivalence and doing a congruence transformation, we have the above inequality is equivalent to (7) .
In the following, we provide a comparison of the results in [9] , [12] , and the current paper.
Remark 1: The model of the uncertain mode transition rate matrix considered in [9] and [12] is of the form with (10) for all . A crucial difference between (10) and (2g) is that is not defined in (2g) for all . The reason is that the probability constraint , which ensures , implies . Based upon Remark 1, we can prove that our bounding technique in (9) gives less conservative results than those in [9] and [12] for dealing with the switching probability uncertainties.
Remark 2: Suppose there do exist uncertainties, that is, at least one , . The bounding technique for the matrix inequalities used in [9] and [12] is
The bounding technique used in this paper is in (9) . For those , , we can choose , then
For those , , we choose with sufficiently small such that (8) That is, our result is less conservative than the one in [9] and [12] as long as there exist uncertainties.
The following theorem provides us with a solution to the fixed-order robust filtering problem (FRFP) for MJLSs with uncertain switching probabilities in terms of coupled LMIs and equality constraints. (13) with equality constraints (14) holding for all , where and , , , and are given in Theorem 1. In this case, by substituting the solution of (11)- (14) into (15) for all , where and is given in Theorem 1, one filter of form (3) can be obtained by solving the coupled LMIs (15) .
Proof: Note that the matrices , , , and given in (5) can also be expressed as where Now, inequality (6) In view of Schur complement equivalence, the above inequality is equivalent to (15) . Now, according to the Projection Lemma [26] , [27] , inequality (15) is solvable for if, and only if, the following two matrix inequalities hold: (16) (17) Note that matrix inequalities (16) and (17) cannot be solved easily since they are not LMIs. Therefore, in the sequel, we try to translate (16) and (17) into the form of LMIs with equality constraints, which can be solved easily using algorithms developed in [28] and [29] . To end this, we first have Note that , , and define , then (16) is equivalent to (18) where Now, let such that and define , , and . Then, inequality (18) is equivalent to (11) and (12) with equality constraints (14) .
Next, we have Then, inequality (17) is equivalent to the equation shown at bottom of the next page. In view of Schur complement equivalence and a congruence transformation, the above inequality is equivalent to (12) and (13) . This completes the first part of the proof. To end the proof, note that (11)- (14) being solvable means that (16) and (17) hold, which further implies that a filter of form (3) can be obtained by solving (15) after substituting the solution of (11)- (14) into (15) in view of the Projection Lemma [26] , [27] . In the case when the mode transition rate matrix is known exactly, we can obtain a simplified result for constructing fixed-order robust filter (3), which is stated in the following corollary and can be proved similarly to that of Theorem 2. However, the condition is necessary and sufficient since the bounding technique in (9) is no longer needed in the proof. To solve the coupled LMIs in (11)- (13) with equality constraints in (14) effectively, we first choose a sufficiently small number , then replace in (11) with , in (13) with , respectively, and change " " to " " in both (11) and (13) . The modified versions of (11) and (13) will be denoted by and , respectively. Finally, the equality constraints in (14) are relaxed to (22) Now, the optimization algorithms developed in [28] and [29] can be employed to solve this nonlinear problem. The solution of FRFP is summarized below.
Algorithm FRFP: For a desired precision , let be the maximum number of iterations, and a sufficiently small number be given. Define two decision variables and . 1) Determine , , , (11), (12), (13), and (22) , a solution is found successfully and a desired fixed-order filter of form (3) can be obtained by solving (15) , else a solution cannot be found. Remark 3: As explained in [29] , Algorithm FRFP is globally convergent since the sequence of the function generated by Algorithm FRFP always converges to some , while the alternating projection method, which was used to construct the reduced-order filters for MJLSs in [21] and [22] is guaranteed to converge only locally [29] , [30] . Algorithm FRFP can be applied to Corollary 1 similarly.
IV. NUMERICAL EXAMPLE
In this section, to illustrate the usefulness and flexibility of the theory developed in this paper, we present a comparison with existing results [18] [19] [20] using a numerical example. Attention is focused on designing robust filters for MJLSs with uncertain switching probabilities. It is assumed that the system under consideration has two operation modes, and the uncertainties only exist in the mode transition rate matrix. The system data of (1) are as follows:
The nominal system of this uncertain system is robustly mean square stable. Suppose that a robust filter with level is desired over the switching probability uncertainties and . This filter is denoted by GFF in Table I . The filtering level of this filter for the nominal system is . Table I . The filtering level of this filter for the nominal system is .
A. Filter Design Ignoring Switching Probability Uncertainties

B. Filter Design Considering Switching Probability Uncertainties
Based on Theorem 2 and Algorithm FRFP, general fixedorder filters of form (3) can be constructed which take into consideration of the uncertain switching probabilities.
A general full-order filter of form (3) is obtained with This filter is denoted by GFF in Table I . The performance of this filter for the nominal system is . A general reduced-order filter of form (3) can also be constructed with This filter is denoted by GFF in Table I . The performance of this filter for the nominal system is . Table I gives a comparison of the performance of these filters on some points in the uncertainty domain (including the no uncertainty case, and the vertices of the uncertainty domain). From this table, we can see that the filters designed by ignoring switching probability uncertainties do not always guarantee the desired filtering level, while the filters designed by considering switching probability uncertainties can. Table I also shows us that these uncertainties can degrade the performance of filters and even destabilize the filtering error system in some cases. Therefore, it is important and necessary to consider the effect of uncertain switching probabilities for MJLSs when designing filters. Fortunately, the developed theory in this paper provides us with a powerful design procedure for such problems.
V. CONCLUSION
In this paper, we have investigated the fixed-order robust filter design problem for a class of Markovian jump linear systems with uncertain switching probabilities. Attention was focused on dealing with the uncertainties in the switching probabilities. This led to a nonlinear problem consisting of a set of coupled linear matrix inequalities with equality constraints. To solve such a problem, an effective algorithm involving convex optimization was addressed. Once the nonlinear problem is solved, a robust filter can be constructed by solving a set of linear matrix inequalities. The developed theory was illustrated by a comparison and presented powerful utility and flexibility.
